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Abstract

1 The theory of linear transformations is the only “solved” field of mathematics—that is to
say, every question formulated within the confines of linear algebra has already been solved.
Because of this, it is often said that if one can reduce a problem in a different field (e.g.
algebra, analysis, partial differential equations) to that of linear algebra, then a solution
will emerge with ease. Linearization as a technique is ubiquitous throughout mathematics,
and facility with linear algebra will pay dividends. These notes will cover both the basic

computations of linear algebra as well as the theory of linear transformations as a whole.

!The content of these notes is largely based on Linear Algebra by Insel, Spence, and Friedberg.
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Chapter 1

Preliminaries

1.1 Sets

Definition (Georg Cantor, 1895). A set is any collection M of definite, distinguishable
objects m of our perception or thought conceived of as a whole. The objects m of M are

called the elements of M.

“Nowadays it is known to be possible, logically speaking, to derive practically
the whole known mathematics from a single source, namely the Theory of Sets.”

— Nicolas Bourbaki, 1950

Notation. M = {m | defining property for m to belong to M}. If m is an element of M,

we write m € M and say m belongs to M. Otherwise, we write m ¢ M.
Examples.
N ={1, 2, 3, 4, ...} = positive integers
—1¢ Ny ={0, 1, 2, 3, ...} = non-negative integers
-1€z2={0,1,-1,2, -2, 3, =3, ...} = integers
V2¢Q= {% ‘ a,beZ, b# 0} = rational numbers

V2 € R = real numbers

1 € C = complex numbers

If a set M has only finitely many elements then it’s called finite, and |M| represents the
number of elements in M, i.e. the cardinality (size) of M. For example, [{1,2,3}| = 3.



Caution. A set is not the same as a list or sequence. For instance, {1,2} = {2,1} = {1,2,1},

but (1,2) # (2,1). The later are examples of ordered pairs.
Example. The empty set () is the only set which has no element, i.e. |(}] = 0.

Notation (operations on sets). Let M and N be sets.

M C N: M is asubset of N, i.e. every m € M also belongsto N. NCNyCZCQCRcCC
M N N: intersection of M and N, consists of all m € M which also belong to N.

M\N: complement of N in M, consists of all m € M which do not belong to N.

M N M N

(a) MNN (b) M\ N
Figure 1.1: Venn diagrams illustrating set intersection and set difference.
Definition. The cartesian product of two sets M and N is the set

M x N = {(a,b) | a € M, b€ N} consisting of all ordered pairs with first coordinate in M
and second coordinate in N. If a # b, then (a,b) # (b,a), even if N = M.

Example. The cartesian product R x R = R? = {(a,b) | a,b € R} is the set of points

(vectors) in the plane.

Figure 1.2: The vector [§] in R2.

Example. If M = {1,2} and N = {1,2,3}, then |M x N| = |M|-|N| = 6. In particular,
(1,1) e M x N.



Definition. The power set P(M) of a set M consists of all subsets of M, including ()
(0 € M) and M itself (M C M).

Example. If M = {1,2}, then P(M) = {0, {1,2}, {1}, {2}} and |P(M)| = 4.

Fact. [M| < co = |P(M)| = 2Ml.

Exercises

Proof by induction: Suppose P(n) is a statement which makes sense for every integer n
which is greater than or equal to a certain given number ng (typically ng is zero or one).
Our goal it to prove that P(n) is a true statement for every integer n greater than or equal
to ng. The technique “proof by induction” can often be used for this purpose. This kind of
proof proceeds in two steps.

Step 1 “Induction anchor”: We need to prove that P(ng) is true. This is usually easy
and is often just a verification. (Without having done this, there is no way to proceed).

Step 2 “Induction step”: We assume that P(n) is true for some n greater than or equal
to mg. This is called the “inductive hypothesis.” Then we deduce that P(n + 1) is true
(without specifying what number n is). This step usually requires some idea and is not
‘automatic.’

If step 2 has been completed, the principle of induction says that P(n) is true for every

n greater than or equal to ng.

Example. Let ng = 1 and P(n) be the statement: “The sum S(n) =142+ ...+ n is equal
ton(n+1)/2.

Step 1: When n = ng = 1, the sum S(1) has just one term, namely 1, and S(1) = 1 =
1-(1+41)/2. Hence the statement P(1) is correct.

Step 2: We assume that S(n) = n(n + 1)/2 (the inductive hypothesis). We observe that
S(n+1) = S(n)+n+1. Hence, by the inductive hypothesis, S(n+1) =n(n+1)/24n+1=
(n+1)-(n/2+1)=(n+1)-(n+2)/2. We have thus shown that P(n + 1) is true if P(n)
is true, for an arbitrary n greater than or equal to 1. Therefore, P(n) is true for all positive

integers.

1. Prove by induction that the sum 1 +4 + 9 + ... + n? of the first n squares of positive

integers is equal to n(n + 1)(2n + 1)/6, for every positive integer n.

2. Prove by induction that 1+ 3+ 5+ ... + (2n + 1) = n? for every positive integer n.



3. Given a set X with m distinct elements xy,xs,...,2, and a set Y with n distinct
elements y1, s, ..., Yn, find a formula for the cardinality of the product set X x Y of all

pairs (z,y) with  in X and y in Y, and prove it by induction on the cardinality n of

Y.

4. Let X be a set of cardinality n. Show that the power set P(X) has 2" elements.

1.2 Maps

Definition. Let X and Y be sets. A map (function) from X to Y (written f : X — Y,
or X L Y) is a rule which assigns to every x € X a unique element f(x) € Y, written

x+ f(x). The set X is called the domain of f, and Y is called the target of f.
Examples. Some mappings are presented below.

1. X=R=Y, f(z)=2%

2. X =R, Y =27, f(x)=|x]| = floor function of x = largest integer < x.

3. X=RY Y =R, f([y])=3z—2y.

Figure 1.3: Graph of the floor function y = |z].

Definition. Let f : X — Y be a map. The map f is called

1. injective (or one-to-one) if for every xq, 2 € X the following is true:

f(@1) = f22) = @1 = 22;
2. surjective (or onto) if for every y € Y, there is some x € X such that f(z) = y;
3. bijective if it is injective and surjective.
Fact. If f: X — Y and | X|,|Y| < oo, then f injective = |X| < |Y].

6



(a) Injective but not surjective (b) Surjective but not injective

Examples.
1. f:R—=R, f(x)=e¢"is injective but not surjective.

2. f:R—=>Ryg:={xeR|xz>0}, f(xr)=e"Iisbijective. In this case, the inverse of f
is 71 Ry = R, fl(z)=1In(2).

3. f:R =R, f(xr)=2?is neither injective nor surjective. However, f : [0,00) — R,

f(x) = 2? is injective.

(a) y = €* maps onto R-. (b) y = 2 maps = and —x to the same value.

Some notation from logic.
1. V = “for all”
2. 3 = “there exist(s)”
3. = = “implication”
4. A < B = “A and B are equivalent”
The first two of these symbols are called quantifiers.
Example. f: X — Y is surjective if Vy € Y Jz € X : f(z) = v.

Definition. Given X % Y, we call f(x) the image of z € X. If S C X is a subset of X,
then f(S)={f(z) |z € S} CY is called the image of S. We define the image of f to be

im(f) == F(X).



im(f)

Note: f is surjective <= im(f) =Y.

Definition. Given T'C Y, we call f~}(T) = {z € X | f(x) € T} the preimage of T under
f. An element x € X with f(x) =y is called a preimage of y.

Note:
1. f: X — Y issurjective if Vy € Y : | f ({y})| > 1;
2. f: X = Yisinjective if Vy € Y : |t ({y})] < 1;
3. f: X =Y isbijective if Vy € Y : |f'({y})| = 1.

Caution. Do not confuse {y} C Y with y € Y. There is a difference between f~'({y}) and
f~Yy) (the later is only defined when f is bijective).

Definition. If f : X — Y is bijective, then the inverse map f~! : Y — X is defined by
fHy) =z if f(z) =y.

Note:
1. Ve e X, [Y(f(x)) = x;
2.VyeY, f(f'(y) =y

Two maps f : X — Y and g : X' — Y’ are the same if X’ = X and Y’ = Y and
Ve € X, f(x) = g(x).



Exercises

1. Let X and Y be finite sets, and let f : X — Y be a map.

(a) If f is injective, show that | X]| is less than or equal to |Y|.
(b) If f is surjective, show that | X| is greater than or equal to |Y|.
(c) If f is bijective, show that | X| = |Y].

2. Which of the following maps f are injective, surjective, or bijective? Justify your
response.

(a) f:R—=R, f(z)=sin(z).

(b) f:R? >R, f(z,y)=3x+2y+ 1.

) fiR—=R, f(x)=a2%+22%

(c) f
(d

3. A 2 x 2 matrix

A=

a b
c d
with real entries a, b, ¢, d, describes a linear map T4 : R? — R? which sends the vector
(z,y) to (ax + by, cx + dy). For which of the following matrices A is the corresponding
linear map T4 injective, surjective, or bijective? If it is not injective, find two different

vectors which are mapped to the same vector. If it is not surjective, find a vector which

is not in the image of T'y.

(a) 54
(b) 56

-
() I



1.3 Fields

Definition. A field F is a set equipped with two maps

“addition” +: F x FF— F, (a,b) —a+1b
“multiplication” - : F x F — F, (a,b) — a-b (= ab)

satisfying the following conditions (called the field axioms) for all a, b, ¢ € F":

Fl. a+b=b+a and a-b=">b-a (commutativity of + and - )

F2. (a+b)+c=a+(b+c)and (a-b)-c=a-(b-c) (associativity of + and - )
We may write a + b + ¢ and abc for the sum and product, respectively.

F3. d0e€ F, 31 € F: a+0=a and a-1=a. Moreover, we require that 0 # 1.
The elements 0 and 1 are called the additive and multiplicative identities, respec-
tively, and we sometimes write O and 1p.

F4. Vae F,dbe F: a+b=0.

The element b = —a is called the additive inverse of a.
Vae F\{0}, 3ce F: a-c=1.
The element ¢ = a~ ! = % is called the multiplicative inverse of a.

F5. a-(b+c¢) =ab+ac (distributive law)

Examples.

1. F =R with the usual addition and multiplication is a field.

2. F = Q with the usual addition and multiplication is a field.

3. F'=(Z, +, -) is not a field.

4. Fy = {0, 1} is a field under the following addition and multiplication:

It is easy to verify that Iy is a field. Notice that it cannot be the case that 1 + 1 = 1, for

then 1 = 0 which is not permitted in any field.

10



Cancellation Laws. If a, b, ¢ are elements of a field F', thena+b=a+¢c = b=c. If
a#0,thena-b=a-¢c = b=c.

Exercises

1. A field with three elements. We consider here the numbers 0,1, and 2 just as
symbols. We set F3 = {0, 1,2} and define an addition and multiplication by the tables

+lo 1 2 01 2
0lo 1 2 0l0 0 0
11120 1101 2
202 0 1 200 2 1

With these two operators, F3 becomes a field. The zero element is 0 and the unit

element (= identity for multiplication) is 1.

(a) What is the additive inverse of 17
(b) What is the multiplicative inverse (= reciprocal) of 27

(c) Show that the distributive law holds in F3, that is, for any a,b, ¢ in F3 one has
(a+b)-c=a-c+b-ec (D)

This formula is immediately seen to be true when a or b are zero, or if ¢ is zero
or one. Hence, verify formula (D) only when a and b are both 1 or 2 and when
¢ = 2 (this amounts to just checking four cases).

Note that 1+ 1+ 1 =10 in F;.

Remark. For every prime number p, there is a field with exactly p elements.

1.4 Complex Numbers

Definition. Set i« = v/—1 and consider it for the moment just as a symbol. A complex

number is a linear combination of the form = + iy with z,y € R.

addition: (z +1iy) + (2’ + i) = (x +2') +i(y + v)

multiplication: (z +iy) - (' + ') = (x2’ — yy') + i(xy + ya')

11



We call z = Re(x + iy) the real part and y = Im(z + iy) the imaginary part.

Note. i-i=(04+:-1)(0+3i-1)=(0-0—1-1)+i0-14+1-0) = —1.

We consider « + 7 - 0 to be equal to x. The set of all numbers = + 7y we denote by C,
called the the field of complex numbers. Commutativity and associativity follow from

the definitions of complex addition and multiplication.

identity for addition: 0 =0-+4i-0
identity for multiplication: 1=1+17-0
inverse for addition: — (z +1y) = —x +i(—y)

. . g . LN T . Yy
inverse for multiplication: (z + iy)~! = —1
T ]
+1
J}'Q + yQ ,TQ _|_ y2

If z = x+ 1y, then |z| = /22 + y? is called the (complex) absolute value, or modulus, of z,
and z = x — iy = x + i(—y) is called the (complex) conjugate of z. Note that z - z = |2|?

for all complex z.

Fact. (easy) For any two complex z and w, we have
L[z w| = [z] - Jwl],
2. |z +w| < |z| + |w| (triangle inequality).

Every real number x is considered a complex number: x = z+i-0. In this case, the modulus
of z (as a complex number) is the same as the absolute value of z (as a real number)—that

is, |z|c = |x| = usual absolute value.

Geometric Interpretation

We define a map ¢ : C — R? =R x R by

oo +iy) = H -
Y

This map associates complex numbers with their vector representation in the plane.

Examples.
_ 1
1. (1 +14) = [1] ,

12



Some easy to facts to verify:
1. Vz,w e C: ¢z +w) = ¢(2) + p(w),

2. VaeR:a(x+1y) = (a+1i-0)(z+iy) = ax +i(ay) so that ¢(a-2z) = a- ¢(2).

Though complex numbers are not themselves vectors, the mapping ¢ represents them as
such. Thus, we can see how sums and products of complex numbers arise geometrically
by examining how ¢(z + w) and ¢(zw) relate to ¢(z) and ¢(w). The mapping ¢ relates
addition of complex numbers to addiction of vectors, and multiplication of complex numbers
to multiplication of lengths and addition of angles of vectors. This first relation is illustrated
by fact 1 above. The second relation is not as obvious. Given a non-zero complex number
z = x + 1y, we may factor out the modulus of z from each component and write
c=a+iy=| (iﬂi)
AL
Denote the real and imaginary components of z/|z| by a and b, respectively. Then, because
|z| = \/m, we have
. 2 24,2
Y= YR R -
so that the complex number z/|z| = a + ib has unit length. Because a® 4+ b* = 1, there is an
angle v € [0, 27) such that a = cosa and b = sin . Applying ¢ to z, we find
6(2) = 8(J2] (a+ b)) = || 6la + ib) = |2 H = | [CT)S“] .
b sin a
We are interested in the geometry of the vector ¢(zw) in terms of ¢(z) and ¢(w). By writing

z=|z| - (cosa+isina) and w = |w| - (cos B + isin f), the product can be written as

zw = |z||w| - [(cos acos B — sin asin B) + i(cos asin § + sin « cos ()]

= |z||w]| - [cos(ax + B) + isin(a + ()]

13



Lin a] P(2)

using angle-addition formulas. Finally,

cos(a + )
sin(a + )

¢(zw) = [2] - |w] [

so that length of zw is the product of the lengths of z and w, and the angle of zw is the sum

of the angles of z and w.

Exercises

1. Compute the following complex numbers in the form x + ¢y with real numbers x and
y. [Remark: when writing complex numbers, we also use = + yi instead of x 4 dy. This
is consistent, as iy = yi]

(a) (2+3i)-(1—2i)+7i—3

(b

1-5i 3

3421 2i+1

1-i 4 1+
<C 1+4 + 1—2

)
)
)
)

(d) 3i-(2—14)+ 2%

2. Powers of complex numbers. The power 2" of a complex number z, when n is a
positive integer, if the product z - z - ... - z (n copies of 2). i.e., we multiply z with
itself n times. If n = 0, then we use the convention that 2 = 1 (even if z = 0). If
z is non-zero and n is negative, then 2" is defined to be (%)_” Note that then —n is
positive. The following rule is true (and easy to show): (2")™ = z"™. For example,
2% = ((2%)?)%. Using these rules, we can simplify computations.

Compute the following powers of complex numbers:
(a) (1+1)°

14



L4 V36
(d) (3 +i%)
3. A complex number is called purely imaginary if its real part is zero.

(a) Show that if z is a non-zero complex number, then

ISR
|
IS IR

is purely imaginary.

(b) Show that if z is a non-zero complex number, then z/z has absolute value 1.

4. Polar coordinates. As discussed earlier in the section, one can write every non-zero

complex number z = a + bi in the form
7+ (cos ¢+ isin )

for a positive real number r and a unique ¢ in the interval [0,27). The pair (r, ¢) is
called the polar coordinates of z. The number r is the complex absolute value of z. If
we represent z by the vector [§], then ¢ is the angle that this vector forms with the
ZT-axis.

Find the polar coordinates of the following numbers in the form (r,2¢ - t) for some ¢
in [0, 1):

(a) 1+
(b) 1+1iv3
(¢) (1+44)(1+iv3)
(d) (1+1)?

Draw the Euclidean plane (perpendicular coordinate axes) and depict the vectors cor-
responding to those four complex numbers. Check that the vector corresponding to
the third and fourth numbers—which are products—are related to their factors by the

formula “lengths are multiplied and angles are added.”

5. Roots of unity. A complex number z is called a root of unity if there is a positive
integer n such that 2" = 1. The smallest such positive integer is called the order of z.

For example, —1 is a root of unity of order 2.

15



(a) Draw the Euclidean plane and the roots of unity of order 1 (this is the number

one), 2, and 4. Note that they form the vertices of a square.

(b) Draw the Euclidean plane and the roots of unity of order 1,2,3, and 6. Note that

these points form the vertices of a regular hexagon.

6. The most important fact about the field of complex numbers C is that C is algebraically

closed, which means that every non-constant polynomial
p(2) = anz" + ap, 2" 4+ ..+ a1z + ap

has aroot in C. As a consequence of long division of polynomials, every polynomial

p(z) as above can be written as

p(z) =an(z —c1)(z — 2)...(z — ¢) (F)

where ¢y, ..., ¢, are the roots of the polynomial (not necessarily distinct, i.e., it may
happen that ¢; = ¢; for some ¢ different from j).
Use long division (and the given hints) to find the factorization as in (F) of the following

polynomials):

(a) p(z) =2 -1
Hint: A root ¢ of this polynomial has the property that ¢* = 1.
(b) p(z) =22 +1
Hint: A root ¢ of this polynomial has the property that ¢ = —1. This implies

that ¢® = 1. You have determined those numbers before.
(c) p(z) =2° -2
Hint: One root is the third root of 2. Let b be this number, i.e. b = /2. Use long
division to write p(z) = ¢(z)(z — b) with a polynomial ¢(z) of degree 2. Find ¢(z)
and its roots.
1.5 Polynomials

A polynomial in the variable z with coefficients in a field F' is an expression of the form

f(l') = anxn + anflmni1 +...t+aix+ag

16



where ay,...,ap € F. If a, # 0 then we call n the degree of f(z) and write deg(f) = n. If
f(z) = ag, we call f a constant polynomial. Given two polynomials f(z) = a,2" + ... +ag

and g(x) = b,x™ + ... + by, we define their sum to be
(f + g)(SL’) = (an + bn)xn + ...+ (Clo + bo)

The zero polynomial is the polynomial f = 0 = ag where all coefficients are zero. Given a

polynomial f(x) = a,z™ + ... + ag, we define the evaluation function ev(f) : F' — F by
ev(f)(c) :=anc" + ... + ajc + +ay.

If |F| = oo, then ev(f) determines the polynomial of f. But if |F| < oo, then this is not

always the case, as the next example illustrates.

Example. Consider the field F' = Fy = {0, 1} defined earlier. If we denote the zero poly-
nomial by fi1, then ev(f;) : Fo — Fy is the zero map sending 0 — 0 and 1 — 0. But if
fo=a>+x=1-22+1-2+0, then ev(fy) : Fy — Fy also sends 0 + 0 and 1 ~ 0.

17



Chapter 2

Vector Spaces

2.1 Vector Spaces

From now on, F' will denote a field (e.g. FF =R, C, Q, Fy).

Definition. A vector space over F' (or F-vector space) is a set V' with two operations

“addition” +: VxV =V, (v,w) —»v+w

“scalar multiplication” - : FxV =V, (a,v) — av

satisfying the following vector space axioms

VS1.

VS2.

VS3.

VS4.

VS5.

VSé6.

VST7.

VS8.

commutativity of addition,
associativity of addition,
the existence of a zero vector 0 =0y, =0: Yo €V, Oy +v =0,

the existence of inverses with respect to addition: Vo € V, Jw € V :

(Notation: w = —v),

YVweV:l-v=v

Va,be F,Yv eV : (ab)-v=a- (bv),
Va€ F,Yo,weV: a-(v+w)=av+ aw,

Vae F,YveV: (a+b)-v=a-v+b-w.

The last two of these rules are called the distributive laws.

18
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Examples.

1. The n-dimensional standard vector space F"™ consisting of all column vectors
a1 as ... an]T with entries aq,...,a, € F' is a vector space. Here, V = F" = F x

F x ... x F. Addition is component-wise:

aq b1 a; + b1

as by as + bo
B e I .

an, by, an + by,

2. The set M,,x,(F') of all m x n rectangular arrays (matrices) with coefficients a;; € F

is a vector space.

n columns
A\
7 Y
a1 a12 e Q1n
M TOWS
Am1 Am2 ... Omn

Special names are given to certain shapes of matrices. A row vector is a 1 X n matrix,
and a column vector is an m x 1 matrix. The set of all column vectors with m
entries is denoted by the usual M, (F) = F™. Addition and scalar multiplication of

matrices is component-wise:
1<i<m
o2 )= o)
c- [aw} = [c-aij]

3. Let X be any set. The set F(X,F) of all maps f : X — F is an F-vector space.

Addition and multiplication are defined pointwise:

(f +9)(x) = fz) + g(z)
(e f)z) =c- fx)

The zero vector in F (X, F) is the zero function x — Op. The additive inverse of f is
the function — f defined by (—f)(z) = — f(z).

4. The set C(R,R) of all continuous functions f : R — R is a vector space.
5. The set C([0,1], R) of all continuous functions f : [0,1] — R is a vector space.

19



6. The set
Flz] ={a,z"+ ...+ a1x + ap | n € Ny, aq,...,a, € F'}

of all polynomials in z is a vector space. The zero polynomial is the zero vector in the

vector space F[x].

7. The set Flz]<, = {f(x) € F[z] | deg(f) < n} of all polynomials with degree less than

or equal to n is a vector space.
Let V be an F-vector space. Some general facts follow easily from the definition:
e Cancellation law: Yo,w,w' € V: v+w=v+uvw — w=uw'
e YveV, VacF:

1. OF'UZOV,
2. (—a)-v=—(a-v),
3. (I'OVZOV.

2.2 Subspaces

F' always denotes a field.

Definition. A subset W of a vector space V is called a subspace if W equipped with the

addition and scalar multiplication of V' is a vector space.

Theorem 1. Let V' be a vector space and W C V' a subset. Then W is a subspace iff (= if
and only if ) the following conditions are fulfilled:

(i) W#0,
(i) Yo,w e W: v+weW,
(iii)) Yo e W, Ya € F: av e W.

Proof. “ = "7: If W is a subspace, then 0y € W so that W # (. Moreover, (ii) and (7ii)
are true by definition of “vector space.”

“<«="7": We need to show that Oy € W and —v € W for allv € W. If w € W is any vector,
then Op - w = Oy is in W by (4i). If v € W, then —v = (—1) - v is in W by (7). O
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Examples.

1. Consider the vector space V = R? over the field ' = R. The zero-subspace is {0} =
{[9]}. All lines of the form R - [¢] for [¢] # [3] are subspaces. The vector space R? is

itself a subspace.

2. If A € M,,«, is a matrix, then A” is called the transpose of A and has coefficients

aj; in position (4, j) [ith row, jth column]|. For instance,

L]

A square matrix A = [a;;] is called symmetric if A = A”. Consider the vector

1<i,j<n

space V' = M, (F) = M,x,(F) of all square n X n matrices with coefficients in F. The
set of all symmetric matrices W = {A € V' | AT = A} is a subspace of M,,(F).

3. The set

(r O- \
8]

&
D= . Cl,...,CnEF

0o .

\ L . Vs

of n x n diagonal matrices is a subspace of M, (F).

4. The set C(R,R) of continuous functions R — R is a subspace of F(R,R) of all func-
tions R — R. The set C'(R,R) of differentiable functions R — R is a subspace of
C(R,R).

Theorem 2. If Wi, Wy are subspaces of V', then W1 N Wy is a subspace as well. The same

1s true for any collection of subspaces.

Proof. Exercise 4. O

Sums and Direct Sums [problem 23 in §1.3]

Definition. Let Wy, W5 be subspaces of V.

1. Wi+ Wy ={w; +wy | wy € Wy, wy € W} is called the sum of Wy and Ws.
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2. V is called a direct sum of W and W, (written V = W, & W) if

(1) \V/’UGMEIU}ler,U}QGWQ: V= Wy + Wa,

(i) Ywy,w) € Wy, Ywsg, wh € Wy 1 wy + wy = w) +wh = w; = w] and wy = wj.

Example. Let V = R3 and consider the subspaces

0 a
Wy = bl |b,ceR ., Wy = 0 |a,ceR
c c

W1 is the (y, z)-plane and W5 is the (x, z)-plane.
We can show that W, + W, = R3® = V because any vector in R3 can be written as the

sum of a vector in W, and a vector in Why:

a a 0

bl = 0]+ [b

c 0 c
eWa €Wy

However, it is not the case that W, @ W, = V because we can find a vector in R? which can

be represented as two distinct sums of vectors in W; and Wa:

1
1| =
1

o O =
+
[

el
Y

I
—_ O =
+
S = O

{
{

€

3
m
E

Proposition 2.1. Let Wi, Wy C V' be subspaces.
(i) W1+ Wy is a subspace of V', and it contains Wy and W.
(i) If W CV is a subspace, and Wy C W and Wy C W, then Wy + Wy C W.
(iii) V =Wy @ Wy if and only if V =W, + Wy and Wy N Wy = {0}.
Proof. Exercise 6. O
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Definition. If Wy, ..., W,, are subspaces of V', we call V' the direct sum of W7y, ..., W,,, written
V=WaeW, &..e&W,, if every v € V can be written in one and only one way as
V=W +wy + ... +w, with wy € Wl,wg S WQ, Wy € Wn

Notice that the uniqueness of the sum is equivalent to

Wwin(Wy+...+W,) ={0}
Won (Wi + Wi+ ...+ W,) = {0}

W, N (W + .. W,_y) = {0}

Exercises

1. Let V and W be vector spaces over a field F'. Let
Z={(v,w):veV and we W}.
Prove that Z is a vector space over F' with the operations
(v, wy1) + (v2, we) = (v1 + Vo, wy + wy) and c(vy, wy) = (cvy, cwy).

Remark. The vector space Z in this problem is also called the direct sum of V' and
W. This is related to the concept of when a vector space is the direct sum of two
subspaces, as discussed in this section. Namely, there is an obvious bijection from V/
to the set of vectors V' = {(v,0) | v € V} which is a subspace of Z, and there is an
obvious bijection from W to the set of vectors W’ = {(0,w) : w € W} which is also a
subspace of Z. Then Z is the direct sum of the subspaces V'’ and W'.

2. Determine whether the following sets are subspaces of R3 under the operations of
addition and scalar multiplication defined on R?. Justify your answers.

= {(a1,as,a3) € R®: a; = 3a, and a3 = —ay}
= {(a1,a9,a3) ER®: a1 = a3 + 2}

= {(a1,as,a3) € R®: 2a; — Tas + a3 = 0}
= {(a1,as,a3) € R®: a; —4ay — a3 = 0}
= {(a1,as,a3) € R®: a; + 2a, — 3a3 = 1}

( )

{ ai,a9,a3) € R3 : 50% —3a§ +6a§ = ()}
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3. Let Wi, W3 and W, be as in Exercise 2. Describe W7 N W3, Wi N Wy, and W3 N Wy,

and observe that each is a subspace of R3.

Remark. When you are asked to “describe” the intersection of subspaces W; and W3
(for example), this means to find a basis of this subspace. In order to do so, it is helpful
to first find a basis for each of the spaces Wy, W3, and Wy. The definition of “basis”
will be recalled later, but in this very concrete situation you should be able to work it

out from previous linear algebra classes.

4. Show that the intersection of two subspaces U and W of a vector space V' is again a

subspace.

5. Prove that Wi = {(a1,aq,...,a,) € F": ay +as + ... + a, = 0} is a subspace of F",
but Wy = {(ay, az, ...,a,) € F": a; + as + ... + a,, = 1} is not.

6. Let W and W5 be subspaces of a vector space V.

(a) Prove that W + Wj is a subspace of V' that contains both W and W5.

(b) Prove that any subspace of V' that contains both W and W, must also contain
Wy + Wa.
7. Show that F™ is the direct sum of the subspaces
Wy = {(a1,as,...,a,) € F" : a, =0}

and

Wy ={(a1,a,...,a,) € F": ay =ay = ... = a,; = 0}.

8. Recall: Let W1, ...,W, be subspaces of a vector space V. Then V is called the direct
sum of Wy, Wy, ..., W, if every vector v in W can be written in one and only one way
as a sum v = wy + wy + ... + w, with vectors w; in W; (for each i = 1,...,n).
We define subspaces of C? as follows: W; is the subspace of all vectors [z z z]* for z in
C; Wy is the subspace of all vectors of the form [a b c|T in C* with a +b+ ¢ = 0; W3
is the subspace of all vectors of the form [z 2z — 2|7 with 2 in C; W) is the subspace

of all vectors of the form [w 0 0]* with w in C.

(a) Is C? the direct sum of Wy and Wy?
(b) Is C? the direct sum of W, and W3?
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(c) Is C? the direct sum of W; and W3 and W,?
(d) Is C? the direct sum of W, and Wy and W,?

Justify your answers.

Remark. That we consider here subspaces of C? is immaterial. Arguments which show
that C3 is or is not a direct sum of the given subspaces do not really depend on the

fact that we work with complex numbers here.

2.3 Linear Combinations and Systems of Linear Equa-

tions

Definition. Let V' be a vector space and S C V' be a subset of V.

1. The vector v € V is called a linear combination of vectors in S if there exist

v1,...,0, € S and aq,...,a, € F with
V= a1V + AUy + ... + a,vU,.
The elements a4, ..., a,, are called the coefficients of the linear combination.
2. The span of S is the set of all linear combinations of elements in .S, denoted by span(5).

3. The span of the empty set ) is the zero vector space {0y }. (This convention is inspired

by the so-called “empty sum” >,y v; = Oyp).
Key Questions: Given S = {vy,...,v,} in V, we ask:

1. What is span(S)? In other words, for which vectors b € V' can we find x4, ...,x, € F
such that

101 + ... + 200, = b7 (LS)

2. For which [z ... xn]T € F" do we have x1v1 + ... + x,v, = 0y?

If V=F" and if

a1 QA1n by
21 A2n, by

U = . y ey Un = . ) b = . )
Am1 Qmn bm
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then the linear system (LS) becomes

11 Q1n by
o I B IS
Am1 Amn bm

and this equation is equivalent to the m equations

1411 + Taa12 + ... + Tpai, = by

T1Am1 + Toma + ... + TnGmn = bm-

If we set
ai1 Qin
A - : e men(F)7
Am1 Amn
then the linear system becomes
T b1
A = :
T, b,

1. The first question becomes: for which b € F™ can we solve Ax = b7

2. The second question becomes: what are the solutions z to Ax = 07?7
Definition. We say that the subset S C V generates V if span(S) = V.

Theorem 3. span(S) is a subspace of V', and every subspace W C V' which contains S also

contains span(S).

2.4 Linear Dependence and Linear Independence

Definition. Let I be any set (an “index set”). A system of vectors in V' indexed by I is a

map [ — V,i— v, If [ ={1,...,n}, then a system indexed by [ is a sequence vy, v, ..., V.

Definition. A system of vectors (v;);cs is called linearly independent if for all systems

of scalars (a;);e; in F' with the property that all but finitely many a; = 0,

Zaivi:OV — Viel: a;=0.

el
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Concretely, if I ={1,...,n}, then
avy+...+a v, =0 = ag=ay=..=a, =0.
Otherwise, the system (v;);es is called linearly dependent. The linear combination
O-v1+0-vp+---+0-v, =0y

is called the trivial linear combination, or the trivial representation of the zero vector.

Examples.
1. Consider
1 0 0
V1 =e1 = 0 , Up = €9 = 1 , U3 = €3 = 0
0 0 1

The system (eq, g, €3) is linearly independent, but (eq,eq,es3, [1 1 1]T) is linearly de-

pendent:

€1+€2+€3+<—1)‘

— =
Il
o O O

. Because

§
2'U1+'U2: y
0

the system (vq,vs) is linearly dependent.

1
2. Consider v, = [1] and vy = [

Remark.

1. Any system which contains the same vector twice (v; = v; for some i # j) is linearly

dependent: 1-v; + (—1)-v; = Oy.
2. Any system which contains the zero vector is linearly dependent: 1 -0y = Oy.

3. The “empty system” is linearly independent.
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Theorem 4. Suppose S; = (v1,...,v,) and Sy = (V1, ..., Up, Upi1, -vs Unam) ar€ two systems.
If Sy 1s linearly dependent, then Sy is linearly dependent. Conversely, if Sy is linearly inde-

pendent, then so is Si.

Theorem 5. Suppose S = (v1,...,v,) is linearly independent and w € V. Then S’ :=
(U1, ey U, w) is linearly dependent if and only if w € span(S5).

Proof. “ = ": There are aq, ..., a,,c € F, not all zero, such that a;v, + ... + a,v, + cw = Oy.

Since S is linearly independent, we must have ¢ # 0. But then

w = _E(alvl + .o+ avp)

ay

an
= (——) (i R (——) vy, € span(S).
c c
“<«<—": We can write w = cjv; + ... + ¢, with ¢; € F'. Then
v + ... + v, + (—1) - w = 0.
Since —1 # 0, S’ = (vy, ..., Uy, w) is linearly dependent. ]

Corollary 5.1. If S generates V' and no proper subset S’ of S generates V', then S is linearly

independent.

Proof. Suppose S = (vy, ..., v,) would be linearly dependent. Then there are scalars ¢y, ..., ¢,

not all zero with c;vy + ... + ¢,v, = 0. Suppose ¢; # 0 for some 7. Then

C C Ci— C; Cp,
Ui:(_—l)vl+(——2)vg+“'+(— 1>vi1+(— +1)vi+1+-‘~+(——>vn,
C; C; C; C; C;

which shows that v; € span(v;, ..., v;_1,Vit1, ..., U, ). Then, span(vy, ..., v;_1, Viy1, ..., Us) =V,
[for if w € S and w € span(S \ {w}), then Span(S \ {w}) = span(S)]. This contradicts our

assumption. ]

2.5 Bases and Dimension

Definition. A system of vectors (v;),.; in V is called a basis if it spans V' and is linearly

independent.
Examples.

1. Recall that the empty set ) is linearly independent and span(()) = {0}. Thus the empty

set is a basis of the zero vector space.
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2. Set

1 0
0
€1 = s 2= s o En =
0 0 n

Then (e, ..., e,) is a basis of F'™ called the standard basis of F™.
3. The system (1,z,22, 23, ...) is a basis of the F-vector space of polynomials F[z] in x.

Theorem 6. A system = (vy,...,v,) in V is a basis of V if and only if there exist unique

scalars aq, ..., a, € F such that v = a1v; + ... + a,v,.

Proof.

a1 + ... + apv, = bivg + ... + byu, <—

((ll — bl)l)l + ...+ (CLn - bn)”n = Ov.
=0 =0

]

Theorem 7. If V is generated by a finite system o = (vq,...,v,.), then there are indices

1<y <ig < ... <y <71 such that (vi, vy, ..., v;,) 1S a basis.

Theorem 8 (Replacement Theorem). Suppose a = (vq, ..., v,) spans V and vy = (wy, ..., wp,)
15 linearly independent. Then m < n and there are indices 1 < 11 < 19 < ... < i < n such

that the system (wy, ..., W, Viy s Vig, .oy Vi) 15 @ basis of V.

Corollary 8.1. If V has a finite basis 8 = (v1,...,v,) and ' = (wy, ..., wy,) is also a basis
of V., then m = n.

Proof. Apply the Replacement Theorem to o := 8 and v := 3’ to deduce that m < n.
Apply the Replacement Theorem again to « := ' and ~ := [ to similarly find that n < m.

Therefore m = n. O

Definition. A vector space V is called finite dimensional if it has a finite basis. The

cardinality of a basis is called the dimension of V.
Examples.
1. dim({0}) = |0] = 0.
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2. dim(F™) = |(eq1, ..., en)| = n.
Corollary 8.2. Let V' be any vector space of dimension n.

1. Any finite generating set for V' contains at least n elements, and if it contains n ele-

ments then it s a basis.

2. Any linearly independent finite system of vectors in V' has at most n vectors, and if it

has n vectors then it is a basis.

3. Fvery linearly independent system can be extended to a basis.

Exercises
Let
a1 Q12 Q1n
V1 = , Vg = 7"'7Un:
am1 Am2 Amn
be n vectors in F™, and let
by
b=
b

be another vector in F™. Let A = [a;;] be the m X n matrix (m rows and n columns) which
has the vectors vy,...,v,, as columns (so that the i-th column is v;). Problems in linear algebra
often amount to solving an equation of the form Ax = b where x is a column vector in F™.
We denote by Sol(A | b) the set of all vectors « in F™ for which Az = b.

For clarity, we sometimes denote the zero vector in F™ (respectively F™) by 0,, (respec-
tively 0,).

For example, saying that the system of vectors (vy, ..., v,) is linearly independent is equiv-
alent to saying that x = 0,, is the only solution to Ax = 0,,.

Let [A" | ¥] be a row-echelon form (or the reduced row-echelon form, whatever you find
more convenient) of [A | b]. Then, as shown in the next chapter, Sol(A | b) = Sol(A" | ¥'),
and the later is usually much easier to determine.

A pivot in [A’ | V'] is the leading non-zero entry in a row. If this entry is in position (3, j)

(i.e. i-th row and j-th column), then we call (7, j) a pivot position. A pivot column of
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[A" | V'] is a column which contains a pivot. By definition, the pivots, pivot positions, and
pivot columns of the initial augmented matrix [A | b] are those of the REF (= row-echelon
form) [A" | b'].

For example, the matrix

e
—_ O =
S =N

has REF
1 1 01
0110
000 2

and its pivot positions are (1,1),(2,2), (3,4). Hence, the pivot positions of the initial matrix
A are also (1,1),(2,2),(3,4), and the pivot columns of A are the first, second, and fourth.

A general fact that you can use in the following exercises is the following: if A has pivot
columns 1 < 77 < ... < i, < n (the i;-th column, the is-th column, and so forth are pivot
columns), then those columns are a maximally linearly independent subsystem of the system
of all columns of A.

This is useful when one wants to find a basis of a subspace W of F'™ which is spanned
by the n vectors vy, ...,v,. For example, the subspace W of C? spanned by the vectors
v1, Vg, U3, v4 Which are the rows of the matrix A above has basis (v, vg, vy).

Other facts that you can use without proof are the following:
(i) The vectors vy, ..., v, span F™ if and only if A’ = REF(A) has no zero column.

(ii) The system (vy, ..., v,) is a basis of F if and only if A’ = REF(A) has a pivot in every

column and every row (which implies that m = n, of course).
In the exercises, use the following three row operations:
(i) R; = R; + cR; means to add c times the i-th row to the j-th row
(ii) R; +» R; means to interchange the i-th row and the j-th column

(iii) R; — cR; means to multiply the i-th row with the (non-zero) scalar c.

1. In each part, determine whether the given vector is in the span of S.
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® ;13 o=t o]

To tackle these problems, convert any 2 x 2 matrix

;.

into a column vector [a b ¢ d] in R*. Then perform the computations with these column

vectors.

. Determine which of the following sets are bases for R3.

(a) {(1,0,—-1), (2,5,1), (0,—4,3)}

(c) {(1,2,-1), (1,0,2), (2,1,1)}

. Determine which of the following sets are bases for Po(R) = R[z]<s.
(b) {142z +2% 3+2?% z+a?}

(c) {1 -2z —22% —2+3zx—2a* 1—ax+062%}

First, convert any of the polynomials a + bx + cx? to a column vector [a b ¢] and then
proceed. Saying that the so-obtained column vectors are a basis of P»(R) is equivalent

to saying that the corresponding polynomials are a basis of P(R).

. Do the polynomials z3 — 222 + 1, 422 — 2 + 3, and 3z — 2 generate P»(R)? Justify your

answer. (This can be determined without computation).

. Is {(1,4,-6), (1,5,8), (2,1,1), (0,1,0)} a linearly independent subset of R3? Justify

your answer. (This can be determined without computation).

. Lagrange interpolation. Given three distinct (real) numbers ty < t; < t5 and values
bo, b1, by (not necessarily distinct), there is a unique polynomial f(t) = xo + 1t + zot?
such that

f(to) = bo, f(t1) =01, f(t2) = Dby
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The problem is to find the coefficients x, x1, 5. To do so, define the column vectors

1 to t2
v = |1 , Uy = tl , V3 = t%
1 to ta

and b = [by by by]T. Then the three equations hold if and only if Ax = b where A is
the matrix with columns vy, vs,v3 and x = |1 1 227
In each part, use the Lagrange interpolation formula to construct the polynomial of

smallest degree whose graph contains the following points.

(a) <_27_6)7 (_175)7 (1’3>
(b) (—4,24), (1,9), (3,3)
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Chapter 3

The Gauss-Jordan Elimination

Algorithm

Facility with matrix algebra is assumed, however this chapter will briefly review the standard

computations relating to systems of linear equations. Let

ar a2 Q1n
V] = S, ve= S, e, Uy =
Am1 Am2 Amn
be vectors in F™. Set
all ... Qim by
A= |+ . | €EMuxn(F), b=|1:]|€F™
Ami - Qmn b,
Problem: We want to find the solutions z = [z7 ... xn]T € F™ of the equation x1v; + ... +

Tpv, = b which is equivalent to Az = b.
We denote by Sol(A | b) = {z € F™ | Az = b} the solutions set of Az = b.
Terminology: We call

the augmented matrix associated to the linear system Ax = b.
Key observation: If A’ | ¥’ is obtained from A | b by an elementary row operation, then
Vee F": Av =0 <= A’z =1U. In other words: Sol(A | b) = Sol(A" | V).

Proof. O]
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Chapter 4
Linear Transformations and Matrices

The eponymous chapter of these notes.

4.1 Linear Transformations, Null Spaces, and Ranges

Let V., W be F-vector spaces.

Definition. A map V 5 W (T':V — W) is called a linear transformation (or F-linear,

or linear) if:

1. Yo, vy € Vi T(v1 +vg) =T (v1) + T(v2),

2. YveVVeeF: T(c-v)=c-T(v).
We denote by Homp(V, W) = Hom(V, W) the set of all linear transformations V' — W.
Example. The zero map which is defined by V' — W, v +— Oy is a linear map.

Definition. Let T € Hom(V,W). Then N(T) = {v € V | T(v) = 0} is called the null
space (or kernel) of T. The set R(T) ={T(v) |[veV}={weW |FveV :iw=T(v)}is

called the range (or image) of 7'
Theorem 9. N(T') and R(T) are subspaces of V' and W, respectively.

Proof. For N(T): T(0y) = T(0p-0y) = 0-T(0y) = Oy so that Oy € N(T). Ifvy,vs € N(T),
then T'(vy +v9) = T'(v1) + T'(ve) = O + O = Ow so that vy + vy € N(T). O

Theorem 10. Let T' € Hom(V,W) and suppose (vi,...,v,) generate V. Then R(T) =
span(T(wr), . T(vn).
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Proof. 1f w € R(T), then w = T'(v) for some v € V', so we can write v = ;01 + ... + ¢,v,, by

assumption. Then

T(v) =T(crv1) + T(cvg + ... + crvp)
=c1T(v1) + T'(cava) + T(c3v3 + ... + o)
=T (v1) + T (v2) + ... + T (vy).

]

Definition. Let 7' € Hom(V, W). The number nul(7") = nullity(7") = dimp(N(7")) is called
the nullity of 7. The number rk(7") = rank(7") = dimg(R(T")) is called the rank of T'.

Theorem 11 (Rank-Nullity Theorem or Dimension Theorem). If T': V. — W is a linear
transformation and n = dim(V') < oo, then rk(T") + nul(7T") = n.

Proof. Let m = nul(T') = dim N(7'), and let (vy,vs, ..., v,,) be a basis of N(T'). By theorem
8, we can extend this basis of N(T') to a basis (v, v2, ..., U, Umi1, -y Un) of V. Then, by

theorem 10, we have

R(T) = span(T'(v1), T(v2), ..., T (), T (Vmms1), ooy T (05))
= Span(T(Um+1>7 38 T(Un»
Set n =m +r, so that T'(Vy41), .., T(Umr) = T'(v,,) are r vectors.

Claim. The system (T (vy11), -, T(Umir)) is linearly independent.

Proof of claim. Suppose c1T (Vpmi1) + 2T (Ui2) + ... + & T (Vmyr) = Ow. Then T'(c1vm41 +
CoUmt2 + ... + CUptr) = Ow so that > 7| ¢;Up4s € N(T'). Then we may write Y | ¢y =

> _joy ajv; where vi<j<,, are the basis vectors of N(T'). Rearranging, we get
0=a1v1 + ... + anVm + (—C1)Vms1 + o + (—C1) Vs

which implies that a1 = ay =a3=... = a,, = —¢c; = ... = —¢, = —0 because v; <i < nis a

basis of V. Hence, T'(Vpm11), .., T(Umyr) are linearly independent. O

Now, (T(Ums1, s T(Umsr)) is a basis of R(T), so rk(T') = dimR(T") = r. Since m =
nul(7"), we find that

tk(T) + nul(7) = r +m = n = dim(V).
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Theorem 12. Let T : V. — W be linear and dim(V') = dim(W) = n. Then the following

statements are equivalent:
1. T is injective,
2. T is surjective,

3. T is bijective,

4. N(T) = {0},
5. nul(T) = 0,
6. R(T) =W,
7. 1k(T) = n.
Proof

T injective <= N(T') = {0} <= nul(T) =0
< dimR(T) =n=dim(W) < R(T) =W

<= T surjective

Since 7' injective == T surjective, then 7" injective = T bijective. O]

Theorem 13. Let V', W be vector spaces, f = (v1,...,v,) a basis of V', and wy, ..., w, any
sequence of vectors in W. Then there is one and only one T € Hom(V, W) with T (v;) = w;

fori=1,2,....n.
Proof. Given v € V, write v = ajv1 + asvy + ... + a,v, with unique aq, ..., a, € F. Set
T(v) = aqwy + aswy + ... + a,w,y,.
m

Corollary 13.1. If S, T € Hom(V, W) and = (v, ..., v,) is a basis of V', then S(v;) = T'(v;)
foralli=1,....,n implies that S =T
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4.2 The Matrix Representation of a Linear Transfor-

mation

Definition. Let 8 = (vy,...,v,) be a basis of V. Then given any vector v = ¢yv1 + cov9 +

-+ -+ ¢y, with ¢; € F, the column vector

&1

Co
[U]gz | €F"

Cn

is called the coordinate vector of v with respect to the basis 8. The scalars ¢4, ..., ¢, are

called the coordinates of v with respect to (.

Example. The set

is a basis of R? (or C?).
Lemma 13.1. [];: V — F", v = [v]; is a linear map:
LYo, €V o+ =[]+ [V,

2. Vee F\Yv eV : [ev]y = clvl,.

4.3 Composition of Linear Transformations and Ma-

trix Multiplication

Theorem 14. Let V,W, Z be vector spaces, and T : V — W, S : W — Z linear transfor-

mations. Then S oT is a linear transformation from V — Z.
Hom (W, Z) x Hom(V, W) — Hom(V, Z)
(S, T)—~ SoT

Proof.
(SoT)(v+v")=8(T(v+2"))=S(T()+T{))=S(Tw))+ S(T["))
= (SoT)(v) + (SoT)(v)
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A similar computation shows that (S o T')(cv) = ¢(S o T)(v). O

Theorem 15. Let 5 = (vq,...,v,) be a basis of V., v = (wy, ..., w,) be a basis of W, and
0 = (21, ..., 2n) be a basis of Z. Then for all T € Hom(V,W) and S € Hom(W, Z):

S oI5 = [S1 - [T]

~
vy B

4.4 Invertibility and Isomorphisms

4.5 The Change of Coordinate Matrix

Key goals for the remaining chapters:
1. Given T': V' — V, find a basis 8 of V' such that [T, is “very simple.”

2. Given A € M,(F'), we want to find Q € GL,(F) such that Q"' AQ is “very simple.”
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Chapter 5

Determinants

5.1 Determinants of Order 2

Definition. The determinant of a 2 x 2 matrix is

a b
det [ ] = ad — be.
c d

Theorem 16. (i) The determinant is linear in the columns: det[vy (va+cvs)] = det[vy vo]+

¢ - detfvy w3
(ii) det(AT) = det(A)
(#i) det is linear in the rows
(iv) detv; vy] = —det[vg v4]

Theorem 17. det A # 0 if and only if A is invertible. In this case,
d —b
—c al|

5.2 Determinants of Order n

1
det A

-1

5.3 Properties of Determinants
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Chapter 6

Diagonalization

6.1 Eigenvalues and Eigenvectors

If not said otherwise, V' is a finite-dimensional F-vector space.

Definition. 1. 7' € End(V) is called diagonalizable if there exists a basis § of V' such

that [T, (= [T]g) is a diagonal matrix.

2. A€ M,(F) is called diagonalizable if there exists a basis 8 of F'" such that [Lal, is

a diagonal matrix.

Remark. If A is diagonalizable and 3 = (vy, ..., v,) is a basis of F™" such that L] is diagonal,
then

Q! A Q
—

—~ —
Ly = [idpn]5y - [Laly - [idpe ] = Q1 AQ

is diagonal.

6.2 Diagonalizability

6.3 Invariant Subspaces and the Cayley-Hamilton The-

orem

Theorem 18 (Cayley-Hamilton). Let T' € End(V'). Then Ar(T) =0 (= zero map).
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Proof. Set S = Ar(T) € End(V). Our goal is to show that S is the zero map. Hence

S(v) =0 for any v € V. Take any (non-zero) vector v and consider
W = span(v, T'(v), ...).

Set d = dim(W). Then 8 = (v,T(v),...,T*1(v)) is a basis of W, by 5.11(i). We've seen
T(W) c W. Since Agy,, € End(V), then by 5.21, Apy,, (¢) divides Ap(t), equivalently
Arp(t) = g(t) - Apy, for some g(t) € F[t]. Evaluate t = T: S = Ap(T) = g(T) - Apy,, (T).
Suppose agv + a1 T(v) + ... + ag1 T (v) + T%(v) = 0. Then 5.22(ii) produces Aqy,, (t) =
(=1D)%ap+art+...+a4_1t*"1+¢*). But then Ay, (T) = (=) (ap+ar T+...+ ag T+ T1)
so that S(v) = g(T)(Aq,, (T)(v)) = S is the zero map. End of proof. O
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Chapter 7
Jordan Canonical Form

The namesake of this chapter is French mathematician Camille Jordan (1838-1922).

7.1 The Jordan Canonical Form 1

The problem we want to solve:
Problem I: Given 7" € End(V), is there a basis § of V' such that [T is particularly easy to
understand? If 5’ is another basis of V and Q) = [idv]g, is the change-of-basis matrix, then

B = [T]y = [id]j [T)jlid]j,
= Q7'[T15Q.

Hence A = [T']|g and B = [T are similar. Call theset cl(A) = {B € M,,(F') | B is similar to A}
the similarity class of A. Solving Problem I is equivalent to

Problem II: Given A € M, (F), what is the “simplest” matrix in the similarity class of A?
Examples.
1. If T is diagonalizable, then any basis 5 = (vy, v, ..., v,) consisting of eigenvectors gives

A1 0

[T]s =
0 An

where ); is the eigenvalue of v;, i.e. T'(v;) = \jv;. This would be considered a solution

to Problem 1.
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2. Suppose T is not diagonalizable but V is T-cyclic, hence V' = span(v, T'(v), ..., T" ! (v))
where n = dim(V). Then § = (T" ' (v),T"%(v),...,T(v),v) is a basis of V. Also

assume 7" (v) = 0. Then the n x n matrix

01 0
0
Jn(0) = [Tls =
00 0

with ones on the first super-diagonal is a solution to Problem I.

Definition. The m X m matrix

Al 0
Jm(A) = ,
0 A

is called the Jordan block of size m with eigenvalue \.

7.2 The Jordan Canonical Form II

7.3 Complexification

Let V be any R-vector space.

Definition. The complexification of V' is a complex vector space Vi whose set is VgV =

{(v1,v2) | v1,v9 € V'} and scalar multiplication by C on V¢ is defined by
(x +1y) - (v1,v9) = (xV] — Yyzg, 209 +yv1) € VBV = VL.

Proposition 18.1. This gives Vi the structure of a vector space over C. Moreover, there is
a canonical (natural) R-linear injective map V- — Vi given by v — (v,0). We will henceforth
wdentify V- with the image of this map. Then

i-V={i(v,0)|veV}={0,v)]|veV}
and Ve =V @iV, [using that (vi,vs) = (v1,0) + (0,v9)/

Proposition 18.2. Let V' be an R-vector space and T : 'V — V' an R-linear map. Then
Te : Ve — Ve, Te((vi,v2)) = (T(v1),T(v2)) is a C-linear transformation of V¢ to itself,

called the complexification or extension of T' to V.
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Chapter 8
Inner Product Spaces

In this chapter, FF =R or F' = C.

8.1 Inner Products and Norms

Definition. Let V be an F-vector space. An inner product on Visamap V xV — F,

(v1,v9) > (v1,v9) such that Vv, w,v,v9 € V and ¢ € F:
(a) (o1 4 v2,w) = (vi,w) + (v2,w),
(b) {ev, w) = (v, w),
(©) {w,v) = (v,w),

(d) (v,v) =0 for all v # 0.

Remark. If F =R, then (c) says (w,v) = (v, w) and the inner product is called symmetric.

If F' = C, then—in general— (w,v) = (v, w) # (w,v), and ( , ) is called hermitian (Charles
Hermite, 1822-1901). If (z,z) > 0 whenever = # 0, then (, ) is called positive definite.

Examples.

1. Let F =R,V =R", and define the standard inner product space

T Y1 n
< ANE > =z
=1

I
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2. Let F=C, V =(C", and define the standard inner product space

<1 wh n
< SN > =) =w;
i=1

Zn W,
st

3. Consider V = C%[a,b], R) or V = CO([a b], C) and define the inner product

/ £(0
This inner product is positive definite:

f) =5 [ 10T == [ 1P

If this integral is equal to 0, then |f(¢)|* must be the zero function (because it’s con-

tinuous!). Thus f(t) =0 for all t € [a, b].

Theorem 19. Let (V,(,)) be an inner product space over F. Then Yv,w € V and Ve € F':
(a) llevll = [e] - [Jvll,
(b) ||v]| = 0 if and only if v = Oy,
(¢) (Cauchy-Schwartz inequality) |{(v, w)| < ||v]|||w]],
(@) (triangle inequality) |lo +wl] < o] + .
Proof. (a) easy
(b) easy

() 0 < (v—cw,v—cw) = (v,v—cw)+(—cw,v—cw) = (v,v) — (v, W) — c{w, v) + cc(w, w).
Now set ¢ = % for w # 0. Then

)P ) [,w)]
O< o) =y T o) T w,w)?
— ||U||2 _ |<U>w>|2

[w]]?

so that
(v, w)]* < [Jo]|*[Jw]]*.

Finish by taking square roots on both sides.
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8.2

8.3

8.4

The Gram-Schmidt Orthogonalization Process and

Orthogonal Complements
The Adjoint of a Linear Operator

Normal and Self-Adjoint Operators
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